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Classify Definable subsets of topological spaces

X a 2" countable Ty topological space:
m A countable basis of open sets,
m Two points which have same neighbourhoods are equal.

Borel sets are naturally classified according to their definition
FI(X)={0 C X | X is open},
TIIX) = {U B;j | B; is a Boolean combination of open sets},
icw

ng(x) = {A'| Ae =5(X)},

FoX) = {ﬂ Pi|Pie | ng(X)}, for a > 2.

iCw B<a

Borel subsets of X = U X)) = U né(x)

a<wi a<wi



Wadge reducibility

Let X be a topological space, A, B C X.

A is Wadge reducible to B, or A <\ B,

if there is a continuous function f : X — X
that reduces A to B, i.e. such that

f~1(B) = A or equivalently

VxeX (xeA «— f(x)eB).
Bill Wadge

The idea is that the continuous function f reduces
the membership question for A to the membership question for B.

m The identity on X is continous, and

m continuous functions compose, so

Wadge reducibility is a quasi order on subsets of X. Is it useful?



Hierarchies?

On Polish 0-dimensional spaces,
the relation <y yields

a nice and useful hierarchy,

by results of Wadge, Martin, Monk,

Louveau, Duparc and others.
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Thanks to a game theoretic
formulation of the reduction.



Hierarchies?

On Polish 0-dimensional spaces, On non 0-dim metric spaces, and
the relation <y yields many other non metrisable spaces
a nice and useful hierarchy, the relation <y vyields

by results of Wadge, Martin, Monk, no hierarchy at all,

Louveau, Duparc and others. by results of Schlicht, Hertling,
lkegami, Tanaka, Grigorieff, Selivanov
and others.
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Thanks to a game theoretic
formulation of the reduction.



The nice picture is lost...

Reduction by continuous functions yield a nice hierarchy of subsets
of Polish 0-dimensional spaces.
To get a nice hierachy outside the realm of Polish 0-dim spaces:
m Motto Ros, Schlicht and Selivanov have considered
reducibility by reasonably discontinuous functions.
We propose to weaken the second fundamental concept at stake
namely, functionality:
m We want to consider reducibility by relatively continuous
relations.



Reductions
Fix sets X, Y, and subsets AC X, BC Y.
A reduction of A to B is a function f : X — Y such that

Vx € X (x € A+ f(x) € B).

A total relation from X to Y is a relation R C X x Y with
Vx € X dy € Y R(x,y), insymbols R: X = Y.

Definition
A reduction of A to B is a total relation R : X == Y such that

YxEXVyeY (R(x,y)—>(x€A<—>yeB)),
or equivalently
Wx € X (x EAAR(X) CB)V (x ¢ AAR(X)NB =0)

where R(x) ={y € Y : R(x,y)}.




Reductions, basic properties

Basic Properties
Let ACX,BCY, CCZ, andR: X=Y,T:Y=Z:
m /f R reduces A to B and T reduces B to C, then

ToR={(x,z):dy €Y R(x,y)AT(y,2z)}

reduces A to C.

Let R be a class of total relations from X to X with
the identity on X belongs R,
‘R is closed under composition.

For A, B C X,

A R-reducibleto B +— dR &R R reduces Ato B

This defines a quasi-order < on subsets of X.



Reductions, basic properties

Basic Properties
Let ACX,BCY,RS: X=Y:
m/fRCS and S reduces A to B, then R also reduces A to B.

Let R be a class of total relations from X to X with
the identity on X belongs R,
‘R is closed under composition.
Lt R={S:X=X:3ReR RCS}, then for any A, B C X,

A R-reducible to B +— A R-reducible to B
In particular,
A<w B <+— A W-reduces to B.

where W = {graph(f) : f : X — X is continuous}.



Admissible representations

W &
~
Let f,g :C w* — X be partial maps. r - X
Say f continuously reduces to g, f <y g, if we  f

3 continuous r : domf — domg Vo € domf f(a)=gor(a).

Proposition (Kreitz, Weihrauch, Schréder)

Let X be 2" countable Ty. There exists a partial map
p :C w* — X such that

m p is continuous (and surjective),

m (<\y-greatest) V continuous f :C w* — X, f <w p.
Such a map is called an admissible representation of X.

If (V)new is a basis for X, then one can take p :C w® — X:

play=x <+— H{ak):kew}={n:xe Vy}.



Relatively continuous functions

Let X, Y be 2" countable Ty spaces.

A map f : X — Y is relatively continuous if

for some (hence any) admissible representations px, py
there exists a continuous F : dom px — dom py such that

Va € dompx fopx(a)=pyo F(a)

X L» Y Proposition
PX [PY Let X,Y be 2" countable Ty. A map
W . ¥ f : X — Y is relatively continuous iff it is
F continuous.

If px is not injective, a continuous map F : dom px — dom py
may very well induce no function from X to Y.
We can have o # f, px(a) = px(8), and py (F(a)) # pv(F(8)).



Relatively continuous relations

Definition (Brattka, Hertling, Weihrauch)

X, Y 2" countable Ty spaces.

A total relation R : X =2 Y is relatively continuous if

for some (hence any) admissible representations px, py
there exists a continuous F : dom px — dom py such that

Va e dompx  R(px(a), py(F(c)))

Basic Properties
graphs of continuous functions are relatively continuous.
relatively continuous relations compose.

IfR,S : X = Y, R relatively continuous and R C S,
then S is also relatively continuous.




Reduction by relatively continuous relations

Definition
Let X be 2" countable Ty, A, B C X.

A is reducible to B, A < B, if there exists a relatively continuous
relation R : X = X that reduces A to B.

Basic Properties
< is a quasi order on subsets of X.
If A<y B, then A< B.

For any admissible representation p of X, A < B iff there
exists a continuous F : dom p — dom p with

Vo € domp (a ep (A «— F(a)e p_l(B)).




the case of O-dimensional spaces

Theorem
Let X be a 2" countable Ty space. The following are equivalent.
X is 0-dimensional.

X admits an injective admissible representation.

So in a 2" countable 0-dim space X, for R : X = X:

R admits a continuous

R is relatively continuous +— . .. .
uniformizing function.
This is not at all the case in the real line R, for example.

Corollary

X 2" countable 0-dim, A,BC X: A<y B+« A< B.
That is, on 2" countable 0-dim spaces

Wadge reducibility =  reducibility by relativ. cont. relations.




Borel representable spaces

Definition
A 2" countable Ty space X is called Borel representable space if

there exists an admissible representation p of X whose domain is
Borel (in w®).

Borel representable spaces include
m every Borel subspace of any Polish space,

i.e. every Borel subspace of [0, 1]“.

m every Borel subspace of any quasi-Polish space,

i.e. every Borel subspace of P(w) with the Scott topology.
Most (all?) properties of Wadge reducibility on 0-dim Polish
spaces extends to arbitrary Borel representable spaces via the
reducibility by relatively continuous relations.



The nice picture regained

Analysis of Wadge reducibility on w* (Wadge, Martin, Monk) and
Determinacy of Borel games (Martin) directly yield

Theorem
Let X be Borel representable.

For Borel sets A, B C X, either A< B or B <X AL
(so antichains have size at most 2).

< is well founded on Borel sets.

And it follows by results of Saint Raymond and De Brecht that

Theorem

Let X be 2™ countable To and T be £2, MY or Dy(XY).
Then if BET and A< B, then A€ T.




